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1. Introduction
A ﬁnite semiﬁeld is a division ring with identity, where multiplication is not necessarily associative.
It is known that ﬁnite semiﬁelds must have prime power order, and are algebras over their (associa-
tive) centre. The centre, which is deﬁned in the next section, is a ﬁnite ﬁeld. See, for example [7].
For a survey of the many known constructions and properties of semiﬁelds, see [6,7].
An element a of a semiﬁeld S of size r is said to be left primitive if
S
× = {a,a(2,a(3, . . . ,a(r−1},
where S× denotes the subset of non-zero elements of S, and a(i is deﬁned recursively by a(1 = a, and
a(i = aa(i−1.
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and right primitive semiﬁelds are deﬁned analogously. Note that there exist semiﬁelds which are left
primitive but not right primitive, and vice-versa, for example certain semiﬁelds of size 32 [12].
Wene [15] considered the existence of primitive elements of ﬁnite semiﬁelds, and showed that
they exist in many small semiﬁelds. Rúa and Hentzel [12,5] showed that there exist semiﬁelds of size
32 and 64 which are neither left nor right primitive.
We aim to prove the following theorem.
Theorem 1. Let S be a semiﬁeld, n-dimensional over its centre Fq. Then
(a) if n = 3, for any q, S is both left and right primitive;
(b) if n is prime and q is large enough, S is both left and right primitive.
Rúa already proved Theorem 1(a) in [12]. We will prove Theorem 1(b), and give an alternative
proof of Theorem 1(a) in Section 6 of this paper.
2. Deﬁnitions, notations and preliminary results
Let S be a ﬁnite semiﬁeld. We will denote multiplication in S simply by juxtaposition for the
remainder of this paper. We denote the multiplicative identity of S by e.
Deﬁnition 1. The subset K of S deﬁned by
K = {a ∈ S ∣∣ (ab)c = a(bc), b(ac) = (ba)c, b(ca) = (bc)a, ba = ab ∀b, c ∈ S}
is called the centre of S.
It is known that this set is in fact a ﬁnite ﬁeld, and S is a division algebra over K . Note that K is
the intersection of the nucleus of S and the commutative centre of S. See, for example, [14, pp. 13–
14] for details of these deﬁnitions. (There is no unanimity among authors about the use of these
terms, and what we have called the centre is also called the associative centre.) We shall denote the
centre by Fq throughout, and the dimension of S as a vector space over Fq by n. We also let Mn(Fq)
denote the space of n × n matrices with entries in Fq and Fq[x1, . . . , xn] the polynomial ring in n
variables over Fq .
Deﬁnition 2. We say that a subspace U of Mn(Fq) is a constant rank n subspace if all elements of U×
are invertible.
An important family of semiﬁelds are the twisted ﬁelds [11, pp. 83–85]. These are deﬁned as fol-
lows. Let σ denote the Frobenius automorphism of Fqn , given by xσ = xq and let c be an element of
F
×
qn . We introduce a new multiplication ◦ on Fqn by setting
x ◦ y = xy − cxσ t yσ s ,
where s and t are integers satisfying 1  s, t  n. The resulting algebra over Fq is denoted by
A(Fqn , s, t, c). If N(c) = 1, where N is the norm mapping from F×qn to F×q , A(Fqn , s, t, c) has no zero
divisors and is thus a presemiﬁeld. D(Fqn , s, t, c) then denotes a semiﬁeld isotopic to A(Fqn , s, t, c)
and it is called a twisted ﬁeld.
Menichetti proved the following result in [11].
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(a) if n = 3, for any q, S is a ﬁeld or twisted ﬁeld;
(b) if n is prime and q is large enough, S is a ﬁeld or twisted ﬁeld.
A key part of Menichetti’s argument is to show that, in the circumstances described above, what
we call the associated polynomial of S is a norm form (see Deﬁnitions 3 and 4 in Section 4). While the
associated polynomial is not uniquely determined, since it involves choosing a basis of S, the property
of being a norm form is an isotopy invariant of the semiﬁeld.
Menichetti proved in [11, Corollary 32] that if the associated polynomial of semiﬁeld is a norm
form, then the semiﬁeld is either a ﬁeld or a twisted ﬁeld. Theorem 2(b) then follows from an appli-
cation of a theorem of Lang and Weil which guarantees that when n is prime and q suﬃciently large,
the associated polynomial must be a norm form.
In this paper, we show that whenever the associated polynomial of ﬁnite semiﬁeld is a norm form,
the semiﬁeld is both left and right primitive. Of course, from Menichetti’s theorem, the semiﬁelds we
are considering are twisted ﬁelds.
Conversely, Menichetti shows that in many cases the associated polynomial of a twisted ﬁeld
D(Fqn , s, t, c) is a norm form [11, Corollary 29]. It follows from what we prove that such twisted
ﬁelds are left and right primitive. In certain cases, however, Menichetti shows that the associated
polynomials are not norm forms. Nonetheless, as far as we know, this does not exclude the possibility
that all the twisted ﬁelds D(Fqn , s, t, c) are left and right primitive.
3. Semiﬁelds as subspaces of invertible matrices
In this section, we reformulate the primitivity problem in terms of subspaces of matrices.
Since S is a division algebra over Fq , the maps of left multiplication Lx : S → S deﬁned by
Lx(y) = xy
are Fq-linear transformations of S into itself. Choosing a basis in S, the maps Lx can be represented
as n × n matrices over Fq . Clearly, the set of all such matrices,
LS := {Lx | x ∈ S},
forms an n-dimensional constant rank n subspace of Mn(Fq).
Note that I , the n × n identity matrix, is contained in LS as it equals Le .
The reason we use this representation is because of the following important lemma (an alternative
proof can be found in [5]).
Lemma 1. An element x of a semiﬁeld S is left primitive if and only if its matrix of left multiplication has
primitive characteristic polynomial.
Proof. Let X denote the matrix of Lx , as described earlier. Then by deﬁnition,
x(i = Xie.
Suppose x is left primitive in S. Then x(i = e for 0 < i < qn − 1. This implies that Xi = I for 0 < i <
qn − 1, but Xqn−1 = I . Hence X has primitive characteristic polynomial.
Conversely, suppose X has primitive characteristic polynomial. Then if Fq(X) denotes the Fq-
subspace spanned by the powers of X , this is a ﬁeld isomorphic to Fqn , and X is a primitive element.
Hence Xi − I is invertible for 0 < i < qn − 1, and so
(
Xi − I)e = 0, 0 < i < qn − 1.
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that x is a primitive element of S. 
The analogous result also holds for right primitive elements. Hence to prove that every semiﬁeld
of prime dimension n over its centre Fq contains a primitive element, it suﬃces to show that every
n-dimensional constant rank n subspace of Mn(Fq) containing the identity matrix has an element
with primitive characteristic polynomial.
4. Homogeneous polynomials over ﬁnite ﬁelds
In this section, we investigate certain homogeneous polynomials deﬁned in terms of n-dimensional
constant rank n subspaces of Mn(Fq). We begin with a general deﬁnition.
Let F be a ﬁeld and let g ∈ F [x1, . . . , xn] be a polynomial with coeﬃcients in F . Let σ be an
automorphism of F . Then we let gσ denote the polynomial obtained by applying σ to each coeﬃcient
of g .
Deﬁnition 3. Let F be a cyclic extension of degree n of the ﬁeld K and let σ generate the Galois
group of F over K . Let f be a non-zero homogeneous polynomial of degree n in K [x1, . . . , xn]. We
say that f is a norm form (with respect to F ) if there exists a basis a1, . . . ,an for F over K with
f = ggσ . . . gσ n−1 ,
where
g = a1x1 + · · · + anxn ∈ F [x1, . . . , xn].
Suppose that f is a norm form, as above, and the coeﬃcient of xn1 in f is 1. Then it follows that
1 = a1aσ1 . . .aσ
n−1
1 .
We set
bi = a−11 ai, 1 i  n.
It is clear that b1 = 1, b2, . . . ,bn is a basis for F over K and we may write
f = hhσ . . .hσ n−1 ,
where
h = x1 + b2x2 + · · · + bnxn.
Thus, under the given hypothesis that the coeﬃcient of xn1 in f is 1, we may represent the norm form
f as a product of Galois conjugate linear polynomials in which the coeﬃcient of x1 in each is 1.
Note that when we state that f ∈ Fq[x1, . . . , xn] is a norm form of degree n, it can only be such
with respect to Fqn and then we may take σ to be the Frobenius automorphism λ → λq of Fqn .
Let U be an n-dimensional constant rank n subspace of Mn(Fq), containing the identity. Let B =
{E1, . . . , En} be an ordered Fq-basis for U .
Deﬁnition 4. Let U and B be as above. Then the associated polynomial of U with respect to B is the
polynomial given by
fU ,B(x1, x2, . . . , xn) := det(x1E1 + · · · + xnEn).
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by making an invertible linear transformation on the variables and is thus an equivalent polynomial.
It follows that such properties of the associated polynomials as being irreducible or a norm form
are independent of the choice of basis and depend only on the subspace.
By abuse of language, we shall henceforth talk of the associated polynomial of U to be that obtained
for an arbitrary choice of ordered basis B in which the ﬁrst basis element E1 is the identity matrix
and we shall write fU in place of fU ,B .
We note the following properties of fU .
(1) fU is a homogeneous polynomial of degree n.
(2) fU has no non-trivial zeros over Fq , as all non-zero elements of U are invertible.
(3) The coeﬃcient of xn1 is 1 (since E1 = I).
(4) If X = λ1E1 + λ2E2 + · · · + λnEn , λi ∈ Fq , and char(X) is the characteristic polynomial of X , then
char(X) = det(yI − X) = fU (y − λ1,−λ2, . . . ,−λn) ∈ Fq[y].
Following the notation introduced in Section 3, let
LFqn = {Lz | z ∈ Fqn }
denote the n-dimensional subspace of Mn(Fq) obtained from the regular representation of Fqn acting
on itself by multiplication. Given z ∈ Fqn , the eigenvalues of Lz are
z, zq, . . . , zq
n−1
and consequently the characteristic polynomial of Lz is
n−1∏
i=0
(
y − zqi ).
Theorem 3. Let U be an n-dimensional constant rank n subspace of Mn(Fq), containing the identity matrix.
Let {E1 = I, . . . , En} be an ordered Fq-basis for U and let fU be the associated polynomial of U with respect
to this basis. Suppose that fU is a norm form, with
f = ggσ . . . gσ n−1 ,
where g = x1 + a2x2 + · · · + anxn and 1, a2, . . . ,an is an Fq-basis for Fqn . Given elements λ1, . . . , λn of Fq,
let
A = λ1E1 + λ2E2 + · · · + λnEn, z = λ1 + λ2a2 + · · · + λnan
be corresponding elements in M and Fqn , respectively. Then A and Lz have the same characteristic polynomial.
Proof. By property (4), after Deﬁnition 4 above,
char(A) = det(yI − A) = fU (y − λ1,−λ2, . . . ,−λn)
=
n−1∏
i=0
(y − λ1 − λ2a2 − · · · − λnan)σ i
=
n−1∏
(y − z)σ i =
n−1∏(
y − zqi ).
i=0 i=0
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Corollary 1. Let U be an n-dimensional constant rank n subspace of Mn(Fq), containing the identity matrix.
Suppose that the associated polynomial fU is a norm form. Then each monic irreducible polynomial of degree
n in Fq[y] occurs as the characteristic polynomial of exactly n elements of U .
Now we can deﬁne a multiplication on a subspace U with the properties in Corollary 1, which
makes U subspace into a semiﬁeld. Furthermore, the matrix of left multiplication of an element A of
U , considered as a semiﬁeld, coincides with the matrix of A itself. (This works for an arbitrary ﬁeld F ,
not just ﬁnite ﬁelds.) See, for example, Proposition 3 of [5].
Thus the subspace U above, whose associated polynomial is a norm form, is both left and right
primitive as a semiﬁeld. Menichetti’s Corollary 32 implies that U is a twisted ﬁeld when considered
as a semiﬁeld.
We ﬁnish this section by considering an application of Theorem 3 to the study of certain twisted
ﬁelds. Let n > 1 be an integer and let s and t be integers satisfying 1 s, t  n. Suppose also that s is
relatively prime to n. Let c be an element of Fqn . Then the algebra A(Fqn , s, t, c) is a presemiﬁeld if
and only if N(c) = 1. See, for example, [11, p. 85].
Corollary 2. Let n > 1 be an integer and let s and t be integers satisfying 1 s, t  n. Suppose also that s is
relatively prime to n. Let c be an element of Fqn with N(c) = 1. LetD = D(Fqn , s, t, c) denote the corresponding
semiﬁeld and let fD denote its associated polynomial. Then fD is a norm form if and only if t is relatively prime
to n. Thus, D(Fqn , s, t, c) is left and right primitive whenever s and t are both relatively prime to n.
Proof. Menichetti proves that, under our given hypotheses, fD is a norm form if and only if
gcd(n, s) = gcd(n, t).
Thus fD is a norm form precisely when t is relatively prime to n.
Assuming that fD is a norm form, Corollary 1 implies that D contains an element whose charac-
teristic polynomial is a primitive monic polynomial of degree n and then Lemma 1 implies that D is
both left and right primitive. 
5. The prime degree case
We begin this section by describing some more properties of the associated polynomial fU . First
we show that fU is irreducible in Fq[x1, . . . , xn]. We use the well known criterion of Chevalley [10,
Corollary 6.6].
Theorem 4 (Chevalley). Let f be a polynomial in Fq[x1, . . . , xn] such that deg( f ) < n and
f (0, . . . ,0) = 0.
Then f has a non-trivial zero over Fq.
The following corollary is presumably well known, but we include a proof for completeness.
Corollary 3. Let f be a homogeneous polynomial in Fq[x1, . . . , xn] of degree n with no non-trivial zeros in Fq.
Then f is irreducible over Fq.
Proof. As f is homogeneous, f (0, . . . ,0) = 0. Suppose that f is reducible. Then f = gh for some g , h
in Fq[x1, . . . , xn], where deg(g),deg(h) < deg( f ). Hence
g(0, . . . ,0)h(0, . . . ,0) = 0
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a = (a1,a2, . . . ,an)
be a non-trivial zero of g , whose existence is guaranteed by Chevalley’s theorem. Then we have
f (a) = g(a)h(a) = 0,
contradicting the fact that f has no non-trivial zeros. Hence f is irreducible in Fq[x1, . . . , xn]. 
It follows from this argument that fU is irreducible in Fq[x1, . . . , xn]. Next, we show that for q
large enough, fU is not absolutely irreducible.
Deﬁnition 5. A polynomial in Fq[x1, . . . , xn] is said to be absolutely irreducible if it is irreducible in
every ﬁnite algebraic extension of Fq (or, equivalently, is irreducible over the algebraic closure of Fq).
Theorem 5 (Lang–Weil). Let f be an absolutely irreducible homogeneous polynomial in Fq[x1, . . . , xn] of
degree d. Let N be the number of zeros of f over Fq. Then N satisﬁes
∣∣N − qn−1∣∣ (d − 1)(d − 2)qn− 32 + Cqn−2
for some C which does not depend on q.
When originally proved, the Lang–Weil theorem [9] was ineffective, as explicit bounds for C were
not available. More recently, explicit bounds for C have been proven. See, for example, [4]. As far
as the authors know, the best bound currently available was proved by Cafure and Matera [1, Theo-
rem 5.2].
Theorem 6 (Cafure–Matera). Let f be as above. Then
∣∣N − qn−1∣∣ (d − 1)(d − 2)qn− 32 + 5d 133 qn−2.
Corollary 4. Let U be an n-dimensional constant rank n subspace of Mn(Fq) containing the identity, and let
fU be its associated polynomial. Then
(a) if n = 3, for any q, fU is not absolutely irreducible;
(b) if n > 3 and q is large enough, fU is not absolutely irreducible.
Proof. We know that fU is a homogeneous polynomial of degree n in Fq[x1, . . . , xn], which has only
the trivial zero.
Case (a): By [11, Proposition 18] every absolutely irreducible homogeneous polynomial of degree
3 in Fq[x1, x2, x3] has a non-trivial zero.
Case (b): If q satisﬁes the equation
qn−1 − 1 > (n − 1)(n − 2)qn− 32 + 5n 133 qn−2
then by Theorem 6 above, fU is not absolutely irreducible. 
We now know that fU is irreducible, but for q large enough it is not absolutely irreducible, and
hence must have a non-trivial divisor over some extension of Fq . We will show that, if n is prime and
q is large enough, fU must be a norm form. The argument used is essentially that of Menichetti [11,
Proposition 16], but we include a self-contained proof here.
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factor g of degree r, irreducible in an extension Fqm , for somem > 1, where g /∈ Fqk [x1, . . . , xn] for any integer
k satisfying 1 < k <m. Then n =mr, and
f = λggσ . . . gσm−1 ,
where λ ∈ F×q .
Proof. Let f = gh in Fqm [x1, . . . , xn]. Then
f = f σ i = gσ i hσ i
for all i.
Since g is irreducible, gσ
i
is irreducible for all i, and moreover g, gσ , . . . , gσ
m−1
are all different,
by the hypothesis on m. Hence
G := ggσ . . . gσm−1
divides f , as Fqm [x1, . . . , xn] is a unique factorization domain [8, Chapter 4, Corollary 2.4].
But Gσ = G , and so G ∈ Fq[x1, . . . , xn]. Since f is irreducible in Fq[x1, . . . , xn], it follows that f =
λG for some λ ∈ F×q as claimed. Comparing degrees we see that
n = deg( f ) = deg(G) =mr. 
Theorem 7. Let f be a homogeneous polynomial of degree n in Fq[x1, . . . , xn]. Suppose f has no non-trivial
zero in Fq. Then
(a) if n = 3, for any q, f is a norm form;
(b) if n is prime and q is large enough, f is a norm form.
Proof. We saw that f is irreducible. By Corollary 4, if n = 3, or if n is prime and q is large enough, f
is not absolutely irreducible. Hence by Lemma 2
f = λggσ . . . gσm−1
for some λ ∈ F×q , g ∈ Fqm [x1, . . . , xn] of degree r, where n = mr and m > 1. But n is prime, so r = 1
and m = n. Choose a ∈ Fqn such that aaσ . . .aσn−1 = λ, and set h = ag . Then
f = λhh
σ . . .hσ
n−1
aaσ . . .aσ n−1
,
and therefore
f = hhσ . . .hσ n−1 ,
where h is a linear form in Fqn [x1, . . . , xn]. Thus f is a norm form, as claimed. 
Note that case (a) was essentially known to Dickson [3] whose proof was later corrected by Car-
litz [2].
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In this section we prove our main result on primitivity, namely, Theorem 1 stated in the introduc-
tion, as a consequence of the following result on constant rank n subspaces.
Theorem 8. Let U be an n-dimensional constant rank n subspace of Mn(Fq), containing the identity matrix.
Then
(a) if n = 3, for any q, U contains an element with primitive characteristic polynomial;
(b) if n is prime and q is large enough, each monic irreducible polynomial of degree n arises as the charac-
teristic polynomial of some element of U , and hence U contains an element with primitive characteristic
polynomial.
Proof. Let fU be the associated polynomial of U . By Theorem 7, fU is a norm form, say
fU = ggσ . . . gσ n−1
where
g = x1 + a2x2 + · · · + anxn
for some a2, . . . ,an in Fqn . It follows from Corollary 1 that given any irreducible monic polynomial
p of degree n in Fq[y], there is some A ∈ U whose characteristic polynomial is p. In particular, U
contains an element with primitive characteristic polynomial. 
Proof of Theorem 1. Let S be a semiﬁeld, n-dimensional over its centre Fq . Consider LS , the matrices
of left multiplication of elements of S as deﬁned in Section 3. By Theorem 8, there exists some
x ∈ S such that Lx has primitive characteristic polynomial. By Lemma 1, x is a left primitive element
of S. 
Remark 1. The smallest prime n for which non-primitive semiﬁelds exist is n = 5. Our result shows
that if q > 6296, any semiﬁeld 5-dimensional over Fq must be left and right primitive. The classiﬁca-
tion of semiﬁelds of order 35 shows that any semiﬁeld of order 35 is both left and right primitive [13].
7. Application to determinants and ﬁeld extensions
We begin by considering an application of the norm form criterion to study of the distribution of
determinants in an n-dimensional constant rank n subspace of Mn(Fq).
Theorem 9. Let U be an n-dimensional constant rank n subspace of Mn(Fq). Then for each element λ of F×q ,
there is some element Aλ with det Aλ = λ.
Proof. Let fU be the associated polynomial of U (with respect to some basis of U ). As we noted,
fU is a homogeneous polynomial of degree n in n independent variables, x1, . . . , xn , possessing no
non-trivial zeros over Fq . Let xn+1 be a further independent variable, and consider the polynomial
gλ = fU − λxnn+1.
Clearly, gλ is homogeneous of degree n in n + 1 variables and hence, by Chevalley’s theorem, has a
non-trivial zero in Fq , say
x1 = μ1, . . . , xn+1 = μn+1.
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fU
(
μ1μ
−1
n+1, . . . ,μnμ
−1
n+1
)= λ,
as required. 
When U is a subspace of the type above obtained by the regular representation of Fqn over Fq ,
the number of elements λ with det Aλ is constant, since the determinant is a homomorphism on the
multiplicative group. It is not clear if this is true for general U . When n is a prime and q is suﬃciently
large, it is true, as we now demonstrate.
Theorem 10. Let U be an n-dimensional constant rank n subspace of Mn(Fq). Then if n is prime and q is large
enough, for each element λ in F×q , the number of elements in U with determinant equal to λ is (qn −1)/(q−1).
Proof. This follows since fU is a norm form and thus represents each element of Fq with the same
multiplicity as the norm form from F×qn onto F×q . 
As a further application of the norm form criterion, consider again an n-dimensional constant rank
n subspace U of Mn(Fq). Let Fqm be a ﬁeld extension of Fq . We may extend the scalars in U from Fq
to Fqm to obtain a subspace Um , say, of Mn(Fqm ). Thus Um is the tensor product U ⊗Fq Fqm . Um may
or may not have the constant rank n property, but we have the following result for suﬃciently large q.
Theorem 11. Let U be an n-dimensional constant rank n subspace of Mn(Fq). Let m be a positive integer and
let Um = U ⊗Fq Fqm . Then if n is prime and q is large enough, Um is a constant rank n subspace if and only if
n does not divide m.
Proof. Um is a constant rank n subspace if and only if the associated polynomial fU has no non-
trivial zeros over Fqm . Suppose now that n is prime and q is suﬃciently large. Then we know that fU
is a norm form over Fqn and hence has a non-trivial zero over Fqn . Since Fqm contains a copy of Fqn
when n divides m, we see that fU has a non-trivial zero over Fqm when n divides m and hence Um
does not have constant rank n in this case.
On the other hand, it is straightforward to see if n does not divide m, the norm form over Fqn has
no non-trivial zeros over Fqm and hence Um retains the constant rank property in this case. 
We remark here that the supposition that q is suﬃciently large is important for the validity of
Theorem 11. For we know that, up to isotopy, there is a unique semiﬁeld of order 25 which is neither
left or right primitive. Thus there is a 5-dimensional constant rank 5 subspace, U , say, of M5(F2)
containing the identity in which no element has an irreducible characteristic polynomial. An applica-
tion of Chevalley’s theorem shows that such a subspace must contain an element whose characteristic
polynomial is
x5 + x+ 1 = (x2 + x+ 1)(x3 + x2 + 1).
If we now form the subspaces U2 and U3 of M5(F4) and M5(F8), respectively, neither is a constant
rank 5 subspace, since F4 contains a root of x2 + x+ 1 and F8 contains a root of x3 + x2 + 1.
We may interpret Theorem 11 in terms of semiﬁelds as follows. Let n be prime and S be a semi-
ﬁeld of degree n over its centre Fq . Given a positive integer m, we may form an algebra Sm over Fqm
by extending scalars in S to Fqm and retaining the multiplication given in terms of the products of
basis elements of S. Then Theorem 11 implies that, if q is suﬃciently large, Sm is a semiﬁeld if and
only if n does not divide m. If n = 3, no condition on q is required. This result can also be obtained if
we use Menichetti’s theorem that S is a twisted ﬁeld.
Even in the case n is not prime, we can use the Lang–Weil theorem to obtain information about
the behaviour of semiﬁelds under extension, as the following related result shows.
204 R. Gow, J. Sheekey / Finite Fields and Their Applications 17 (2011) 194–204Theorem 12. Let n > 1 be an integer and let U be an n-dimensional constant rank n subspace of Mn(Fq). Let
Un = U ⊗Fq Fqn . Then if q is large enough, Un is not a constant rank n subspace.
Proof. It suﬃces to show that fU has a non-trivial zero over Fqn . Now, if q is suﬃciently large,
we know from Lemma 2 that fU is a product of say m Galois conjugate polynomials of degree r
in Fqm [x1, . . . , xn], where n = rm and r < n. We may suppose that the polynomials involved in the
factorization are homogeneous. Let g be one such non-trivial divisor of fU in Fqm [x1, . . . , xn]. By
Chevalley’s theorem, g has a non-trivial zero in Fqm and hence in Fqn . It follows that fU also has a
non-trivial zero in Fqn , as required. 
Corollary 5. Let n > 1 be an integer and S be a semiﬁeld of degree n over its centre Fq. Let Sn be the algebra
over Fqn obtained by extending scalars in S to Fqn and retaining the multiplication given in terms of the
products of basis elements of S. Then if q is suﬃciently large, Sn is not a semiﬁeld.
We do not know if, in the notation above, Sm is a semiﬁeld if m is relatively prime to n and q is
suﬃciently large.
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